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Summary A semi-analytical solution is presented for the problem of flow in a system con-
sisting of unconfined and confined aquifers, separated by an aquitard. The unconfined
aquifer is pumped continuously at a constant rate from a well of infinitesimal radius that
partially penetrates its saturated thickness. The solution is termed semi-analytical
because the exact solution obtained in double Laplace–Hankel transform space is
inverted numerically. The solution presented here is more general than similar solutions
obtained for confined aquifer flow as we do not adopt the assumption of unidirectional
flow in the confined aquifer (typically assumed to be horizontal) and the aquitard (typi-
cally assumed to be vertical). Model predicted results show significant departure from
the solution that does not take into account the effect of leakage even for cases where
aquitard hydraulic conductivities are two orders of magnitude smaller than those of the
aquifers. The results show low sensitivity to changes in radial hydraulic conductivities
for aquitards that are two or more orders of magnitude smaller than those of the aquifers,
in conformity to findings of earlier workers that radial flow in aquitards may be neglected
under such conditions. Hence, for cases were aquitard hydraulic conductivities are two or
more orders of magnitude smaller than aquifer conductivities, the simpler models that
restrict flow to the radial direction in aquifers and to the vertical direction in aquitards
may be sufficient. However, the model developed here can be used to model flow in aqui-
fer–aquitard systems where radial flow is significant in aquitards.
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Nomenclature

Kr;i radial hydraulic conductivity of ith layer ðLT�1Þ
Kz;i vertical hydraulic conductivity of ith layer

ðLT�1Þ
Ss;i specific storage of ith layer ðL�1Þ
SY unconfined aquifer specific yield,
ar;i radial hydraulic diffusivity of ith layer ðL2T�1Þ
az;i vertical hydraulic diffusivity of ith layer ðL2T�1Þ
bi vertical distance from initial water table posi-

tion to bottom of ith layer (L)
z vertical distance from initial water table posi-

tion (L)

r radial distance from pumping well (L)
d vertical distance from initial water table posi-

tion to top of pumping well screen (L)
l vertical distance from initial water table posi-

tion to bottom of pumping well screen (L)
si drawdown in ith layer (L)
Q pumping well discharge rate ðL3T�1Þ
p Laplace transform parameter
a Hankel transform parameter
t time since onset of pumping (T)
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Introduction

Leakage from adjacent aquitards has long been recognized
to strongly impact the drawdown response of confined aqui-
fers. The first major attempt to account for transient leak-
age in confined aquifer flow was made by Hantush and Jacob
(1955), who presented the classical theory of leakage. To
obtain their solution they assumed that the confined aquifer
was bounded from below and above by aquitards of finite
extent in which flow was entirely vertical and the effect
of aquitard elastic storage was negligible. The assumption
of negligible aquitard elastic storage leads to a steady-state
aquitard flow problem that yields a linearly distributed
hydraulic head in the aquitard. For confined aquifer flow,
Hantush and Jacob (1955) adopted the assumption of hori-
zontal flow. A major limitation of the classical theory of
leakage is the assumption that aquitard storage has negligi-
ble effect on flow. Subsequently, Hantush (1960) presented
the modified theory of leakage in which aquitard elastic
storage was taken into account. As in classical leakage the-
ory, flow in the aquitard was assumed to be vertical. Han-
tush (1960) presented numerical solutions only for early
and late time. A more complete analytical solution for the
problem confined aquifer flow with leakage was developed
by Neuman and Witherspoon (1969a,b). They considered
two confined aquifers, in which flow was assumed to be en-
tirely horizontal, separated by an aquitard in which flow was
assumed to be entirely vertical. To justify these assump-
tions, Neuman and Witherspoon (1969a) stated that ‘‘when
the permeabilities of the aquifers are two or more orders of
magnitude greater than that of the aquitard, errors intro-
duced by this assumption are usually less than 5%’’. Re-
cently, Sepulveda (2008) developed a semi-analytical
solution for flow in a leaky confined aquifer that allows
for radial and vertical flow in the aquifer and aquitards.
Their results from synthetic experiments indicate that more
accurate estimates of hydraulic parameters are obtainable
in this case than in the case where flow is assumed to be
strictly radial in aquifers and strictly vertical in aquitards.

The effect of leakage on flow in an unconfined aquifer
was first considered by Ehlig and Halepaska (1976) in their
numerical (finite difference) solution of a coupled con-
fined–unconfined aquifer problem. They adopted the Boul-
ton (1954) model to simulate unconfined aquifer flow and
the Hantush and Jacob (1955) model to simulate leakage
through the common boundary of the system; no analytical
solution was developed. Others (Li, 2006) have analyzed
data from multi-aquifer systems that include an unconfined
aquifer using analytical solutions for confined aquifer flow
with leakage. Zlotnik and Zhan (2005) developed an analyt-
ical solution for the problem of flow in a coupled unconfined
aquifer–aquitard system, where the horizontal flow compo-
nent in the aquitard is neglected. Zhan and Bian (2006) ex-
tended the work of Zlotnik and Zhan, 2005 and developed
analytical and semi-analytical method for computing the
leakage rate and volume induce by pumping based on the
works of Hantush and Jacob (1955) and Butler and Tsou
(2003). Zhan and Bian (2006) also neglect horizontal flow
in the aquitard. The assumption of strictly vertical flow in
the aquitard is based on the work of Neuman and Wither-
spoon (1969a) as discussed above. Additionally, Zlotnik
and Zhan (2005) and Zhan and Bian (2006) restrict their solu-
tions to the case of an aquitard of semi-infinite vertical ex-
tent. In this work, we develop a more general solution with
respect to permissible values of aquitard hydraulic conduc-
tivity and aquitard thickness.

Malama et al. (2007) recently developed a semi-analyti-
cal solution for flow to a pumping well that fully penetrates
the saturated thickness of a leaky unconfined aquifer under-
lain by an aquitard. The purpose of this work is to extend
the semi-analytical solution of Malama et al. (2007) to a
three-layered system consisting of an unconfined aquifer,
an aquitard, and a confined aquifer, all of which are of infi-
nite radial extent. The unconfined aquifer is pumped contin-
uously at a constant rate from a well of infinitesimal radius
that partially penetrates its saturated thickness. The solu-
tion is termed semi-analytical in the sense that exact an
analytical solution is obtained in the double Laplace–Han-
kel transform space, then inverted numerically. Water re-
lease due to water table decline is simulated in the
manner of Neuman (1972). Flows in the three layers are cou-
pled by imposing drawdown and vertical flux continuity con-
ditions at the unconfined aquifer–aquitard and confined
aquifer–aquitard boundaries. In this solution we do not ne-
glect horizontal flow in the aquitard or vertical flow in the
confined aquifer, as is usually assumed in leakage theories
for confined aquifers (e.g. the multi-layer approach out-
lined in Bruggeman (1999, p. 637) or given by Lenoach
et al. (2004) in the petroleum literature). In addition, all
the layers are allowed to be anisotropic. In simulating water
release due to water table decline in the manner of Neuman
(1972) we assume that flow in the unsaturated zone above



Figure 1 Schematic of the three-layered system consisting of
an unconfined aquifer, an aquitard, and a confined aquifer.
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the water table has negligible effect on flow in the satu-
rated zone. Cooley (1971) solved the coupled saturated–
unsaturated flow problem numerically, and recently, Tarta-
kovsky and Neuman, 2007 have developed an approximate
analytical solution to this saturated–unsaturated flow prob-
lem. For our purposes, the focus is on accounting for leak-
age in the unconfined aquifer flow problem, and the
simulation of delayed water table response in the manner
of Neuman (1972) is adopted for simplicity. It should be
noted that Moench (1994) demonstrated that when the
parameter estimation procedure is done correctly, it may
be possible to obtain reasonable estimates of specific stor-
age when water table response is modeled in the manner
of Neuman (1972).

Our solution is more general than that developed by Zlot-
nik and Zhan (2005) as it allows for horizontal flow in the
aquitard, and includes a confined aquifer below the aqui-
tard. It can thus be used for modeling flow in aquifer–aqui-
tard systems, where the radial component of flow in
aquitards is significant. Zlotnik and Zhan (2005) concluded
that leakage of water from the aquitard to the unconfined
aquifer is negligible at late time. The results from the pres-
ent work are at variance with these conclusions. Our solu-
tion predicts significant departure from the case with no
leakage at both early-intermediate time and at late time.
The model predicted results show low sensitivity to changes
in radial hydraulic conductivities for aquitards that are two
or more orders of magnitude smaller than those of the aqui-
fers, in conformity to the findings of Neuman and Wither-
spoon (1969a). Hence, for cases were aquitard hydraulic
conductivities are two or more orders of magnitude smaller
than those of the aquifers, the simpler models that restrict
flow to the radial direction in aquifers and to the vertical
direction in aquitards may be sufficient. However, our solu-
tion predicts that one may obtain measurable differences in
aquitard drawdown at different radial distances from the
pumping well, indicating large radial hydraulic gradients
can exist, even in cases where aquitard radial hydraulic con-
ductivity is two orders of magnitude smaller than those of
the aquifers. Though it is not rigorously demonstrated in this
work, it seems plausible that the findings of Sepulveda
(2008) that more accurate estimates of hydraulic parameter
are obtainable when the more general flow pattern is as-
sumed for the system, may be extended to the unconfined
aquifer flow problem.
Mathematical formulation of flow problem

We consider here coupled flow in a three-layer unconfined–
confined aquifer system, where the aquifers are separated
by an aquitard as shown in Fig. 1. To solve this flow prob-
lem, we adopt the following assumptions:

(1) Flow in the unsaturated zone above the unconfined
aquifer can be neglected (i.e. the water table is a
moving material boundary).

(2) Drawdown is significantly smaller than the initial sat-
urated thickness of the aquifer (Neuman, 1972).

(3) Flow is radially symmetric.
(4) The confined aquifer is bounded from below by a no-

flow boundary.
(5) The aquifers and aquitard are homogeneous but
anisotropic.

(6) The coordinate axes are parallel to the principal
directions of hydraulic conductivity.

Assumption (2) above is used to justify the application of
the linearized kinematic boundary condition (see below) at
the initial position of the water table as in Neuman (1972).
The governing equation for flow in the aquifers and the
aquitard is

Ss;i
osi
ot
¼ Kr;i

r

o

or
r
osi
or

� �
þ Kz;i

o
2si

oz2
; ð1Þ

where si is drawdown, Ss;i is specific storage, Kr;i and Kz;i are
radial and vertical hydraulic conductivities, respectively,
r; z; t are space-time coordinates, and i ¼ 1; 2; 3 for the
unconfined aquifer, aquitard and confined aquifer, respec-
tively. Eq. (1) is solved subject to the following initial and
far-field boundary conditions for all i

siðr; z; 0Þ ¼ lim
r!1

siðr; z; tÞ ¼ 0: ð2Þ

In addition, for unconfined aquifer flow, Eq. (1) is solved
subject to the following boundary conditions:

lim
r!0

r
os1
or
¼

0 8z 2 ð�d; 0�;
�Q=½2pKr;1ðl� dÞ� 8z 2 ½�l;�d�;
0 8z 2 ½�b1;�lÞ;

8><
>: ð3Þ

� Kz;1
os1
oz

����
z¼0
¼ SY

os1
ot

����
z¼0
; ð4Þ

where SY is the specific yield of the unconfined aquifer. For
aquitard flow Eq. (1) is solved subject to the following
boundary condition

lim
r!0

r
os2
or
¼ 0 ð5Þ

and for confined aquifer flow

lim
r!0

r
os3
or
¼ os3

oz

����
z¼�b3

¼ 0: ð6Þ
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At the common boundary between the unconfined aquifer
and the aquitard ðz ¼ �b1Þ, we apply the following continu-
ity conditions:

s1ðr;�b1; tÞ ¼ s2ðr;�b1; tÞ; ð7Þ

Kz;1
os1
oz

����
z¼�b1

¼ Kz;2
os2
oz

����
z¼�b1

: ð8Þ

Similarly, at the common boundary between the aquitard
and the confined aquifer ðz ¼ �b2Þ, we apply the following
continuity conditions:

s2ðr;�b2; tÞ ¼ s3ðr;�b2; tÞ; ð9Þ

Kz;2
os2
oz

����
z¼�b2

¼ Kz;3
os3
oz

����
z¼�b2

: ð10Þ

For convenience, Eq. (1) is expressed in dimensionless form
as follows:

osD;i
otD
¼

aðiÞD;r
rD

o

orD
rD

osD;i
orD

� �
þ aðiÞD;z

o
2sD;i
oz2D

; ð11Þ

where sD;i ¼ si=½Q=ð4pKr;1b1Þ�, tD ¼ ar;1t=b
2
1, ðrD; zDÞ ¼

ðr=b1; z=b1Þ, aðiÞD;r ¼ ar;i=ar;1, aðiÞD;z ¼ az;i=ar;1, ar;i ¼ Kr;i=Ss;i and
az;i ¼ Kz;i=Ss;i. A complete list of non-dimensional variables
and parameters is given in Table 1. The initial and far-field
boundary conditions in non-dimensional form become

sD;iðrD; zD; 0Þ ¼ lim
rD!1

sD;iðrD; zD; tDÞ ¼ 0: ð12Þ

For the unconfined aquifer, the boundary conditions at the
well ðrD ¼ 0Þ and the water table ðzD ¼ 0Þ become

lim
rD!0

rD
osD;1
orD
¼

0 8z 2 ð�dD; 0�;
�2=ðlD � dDÞ 8z 2 ½�lD;�dD�;
0 8z 2 ½�1;�lDÞ;

8><
>: ð13Þ

� osD;1
ozD

����
zD¼0
¼ 1

aD;Y

osD;1
otD

����
zD¼0

; ð14Þ

where aD;Y ¼ aY=ar;1 and aY ¼ b1Kz;1=SY. For aquitard flow
the boundary condition at rD ¼ 0 becomes

lim
rD!0

rD
osD;2
orD
¼ 0 ð15Þ
Table 1 Dimensionless variables and parameters

sD;i ¼ si=½Q=ð4pb1 Kr;1Þ�
zD ¼ z=b1
rD ¼ r=b1
tD ¼ ar;1t=b

2
1

bD;i ¼ bi=b1
dD ¼ d=b1
lD ¼ l=b1
aðiÞD;r ¼ ar;i=ar;1
aðiÞD;z ¼ az;i=ar;1
aD;Y ¼ aY=ar;1
gi ¼ ðpþ aðiÞD;ra

2Þ=aðiÞD;z
h i1=2

n ¼ g1aD;Y=p
c1 ¼ g2jz;2=g1
c2 ¼ g3jz;3=g2
jz;i ¼ Kz;i=Kz;i�1
h1 ¼ g3ðbD;3 � bD;2Þ þ g2ðbD;2 � 1Þ
h2 ¼ g3ðbD;3 � bD;2Þ � g2ðbD;2 � 1Þ
and for confined aquifer flow, at rD ¼ 0 and zD ¼ �bD;3 (con-
fined aquifer base), we have

lim
rD!0

rD
osD;3
orD
¼ osD;3

ozD

����
zD¼�bD;3

¼ 0: ð16Þ

The continuity conditions become

sD;1ðrD;�1; tDÞ ¼ sD;2ðrD;�1; tDÞ; ð17Þ
osD;1
ozD

����
zD¼�1

¼ jz;2
osD;2
ozD

����
zD¼�1

ð18Þ

at the unconfined aquifer–aquitard boundary, where
jz;2 ¼ Kz;2=Kz;1, and

sD;2ðrD;�bD;2; tDÞ ¼ sD3ðrD;�bD;2; tDÞ; ð19Þ
osD;2
ozD

����
zD¼�bD;2

¼ jz;3
osD;3
ozD

����
zD¼�bD;2

ð20Þ

at the confined aquifer–aquitard boundary, where
jz;3 ¼ Kz;3=Kz;2.

Exact solution in Laplace–Hankel transform
space

The double Laplace–Hankel transform, �s�D;1, of drawdown
response in the unconfined aquifer is given by (see Appendix
A for details)

�s�D;1ða; zD; pÞ ¼ �u�Dða; zD; pÞ þ �v�Dða; zD; pÞ; ð21Þ

where a and p are the Hankel and Laplace transform vari-
ables, respectively, �u�Dða; zD; pÞ is the double transform of
drawdown in a confined aquifer due to pumping from a well
of infinitesimal radius that partially penetrates the aquifer,
and �v�Dða; zD; pÞ accounts for water table and leakage bound-
ary conditions. Thus, �u�Dða; zD; pÞ corresponds to the double
transform of the solution of Hantush (1964) for drawdown
in a confined aquifer due to pumping from a well of infinites-
imal radius that partially penetrates the aquifer. However,
the representation of the solution given by Hantush (1964)
involves an infinite sum that converges very slowly. An alter-
native representation of the Hantush solution in Laplace–
Hankel transform space, �u�D, is

�u�Dða; zD; pÞ ¼
2½coshðg1; fDÞ � d�u�Dðg1; zDÞ�

pg2
1a
ð1Þ
D;zðlD � dDÞ

; ð22Þ

where

fD ¼
dD þ zD 8zD 2 ð�dD; 0�;
0 8zD 2 ½�lD;�dD�;
lD þ zD 8zD 2 ½�1;�lDÞ

8><
>: ð23Þ

and

d�u�Dðg1; zDÞ

¼ sinhðg1dDÞ cosh½g1ð1þ zDÞ� þ sinh½g1ð1� lDÞ� coshðg1zDÞ
sinhðg1Þ

:

ð24Þ

The details of the derivation of the above solution are in-
cluded in Appendix A. In the above equations and those to

follow gi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ aðiÞD;ra

2
� �

=aðiÞD;z

r
, with i ¼ 1; 2; 3. The values



238 B. Malama et al.
of �u�D can be computed faster and more efficiently using Eq.
(22) than using the Hantush (1964) representation.

It is shown in Appendix B that the component �v�D is given
by

�v�Dða; zD; pÞ ¼ �u�D;�1 cosh½g1ð1þ zDÞ� þ
fðg1Þhða; zD; pÞ

D
; ð25Þ

where uD;�1 ¼ uDðzD ¼ �1Þ

hða; zD; pÞ ¼
ð1þ c1Þð1þ c2Þ

2
cosh½g1ð1þ zDÞ þ h1�

þ ð1� c1Þð1þ c2Þ
2

cosh½g1ð1þ zDÞ � h1�

þ ð1� c1Þð1� c2Þ
2

cosh½g1ð1þ zDÞ þ h2�

þ ð1þ c1Þð1� c2Þ
2

cosh½g1ð1þ zDÞ � h2�; ð26Þ

c1 ¼ g2jz;2=g1, c2 ¼ g3jz;3=g2, jz;i ¼ Kz;i=Kz;i�1, h1 ¼ g3ðbD;3�
bD;2Þ þ g2ðbD;2 � 1Þ, h2 ¼ g3ðbD;3 � bD;2Þ � g2ðbD;2 � 1Þ, and
the functions fðg1Þ and D are defined in Eqs. (B.18) and
(B.21), respectively. For bD;2 ¼ bD;3 ¼ 0, that is for the case
without the aquitard and lower aquifer and hence, no leak-
age, it can be shown that Eq. (25) reduces to

�v�D ¼ �
�u�D;0 cosh½g1ð1þ zDÞ�
n sinhðg1Þ þ coshðg1Þ

; ð27Þ

where n ¼ g1aD;Y=p and uD;0 ¼ uDðzD ¼ 0Þ. Eq. (27) is the
solution obtained that was obtained by Neuman (1974) for
flow in a pumped unconfined aquifer without leakage.

It is also shown in Appendix B that the double Laplace–
Hankel transform, �s�D;2ða; zD; pÞ, of aquitard drawdown is
given by

�s�D;2ða; zD; pÞ ¼ �
fðg1Þ

D
ð1þ c2Þ cosh½h1 þ g2ð1þ zDÞ�f

þð1� c2Þ cosh½h2 � g2ð1þ zDÞ�g: ð28Þ
The double Laplace–Hankel transform, �s�D;3ða; zD; pÞ, of con-
fined aquifer drawdown due to pumping in the unconfined
aquifer is given by

�s�D;3ða; zD; pÞ ¼
�2fðg1Þ

D
cosh½g3ðbD;3 þ zDÞ�: ð29Þ

The exact analytical solutions obtained above for flow in the
three layers were inverted numerically from the double
transform space. In the next section the behavior predicted
by these solutions is discussed.

Numerical inversion of double Laplace–Hankel
transform solutions

One can, in principle, obtain the analytical inverse Laplace
transforms of �s�D;1, �s�D;2, and �s�D;3 by using the methods of
complex contour integration, including the theory of resi-
dues (Neuman, 1972). In this work, however, the inverse
Laplace and Hankel transforms are obtained numerically.
The expressions for �s�D;1, �s�D;2 and �s�D;3 were evaluated in
Laplace–Hankel space using extended precision (greater
than Fortran double precision). Extended precision is used
to handle the ratios of exponentially growing components
of the hyperbolic trigonometric functions. Different expo-
nentially-growing terms would need to be factored out at
early time, compared to late time; such terms are also
strongly dependent on position ðrD; zDÞ. Working in
extended precision is, in a sense, the ‘‘brute force’’ ap-
proach of ensuring numerical computations are bounded,
as loss of numerical significance (due to subtraction of
nearly equivalent values) leads to early- and late time
exponential blow-up. It allows one to avoid the need to
develop special-case double-precision solutions for every
possible combination of parameters.

The inverse Laplace transform was obtained first using
the doubly-accelerated Fourier series approach of de Hoog
et al. (1982). The inverse Hankel transform (see Appendix
A) was approximated by splitting the improper Hankel
integral into a finite integral over the interval 0 6 a 6 j0;n,
and an infinite integral over the interval j0;n 6 a <1, in a
manner similar to that proposed by Wieder (1999). The inte-
gral is split at j0;n, the nth zero of J0ðarDÞ. The finite portion
of the integral was evaluated using the QXGS automatic inte-
gration routine (Favati et al., 1991). Most of the contribution
to the total Hankel integral comes from the finite portion of
this integral. The infinite integral was approximated by
integrating between each j0;n and j0;nþ1, as n becomes large,
using Gauss–Lobatto quadrature for each interval. Finally,
partial sums of the areas (which alternate in sign) were
accelerated with Wynn’s �-algorithm (Antia, 2002). Because
of the decaying magnitude and alternating signs of the areas
between successive zeros, the �-algorithm was very
effective.

Model predicted behavior

In the figures shown here, E1ð�Þ represents the exponential
integral (Theis solution), x ¼ r2D=4tD and xY ¼ r2D=4tDY

, where
tDY
¼ aYt=b

2
1 and aY ¼ b1Kz;1=SY. Figs. 2 and 3 show the vari-

ation of drawdown with dimensionless time for different
values of depth and radial distance, respectively, for (a) a
fully and (b) a partially ðdD ¼ 0:5; lD ¼ 1:0Þ penetrating
pumping well. It should be noted that zD ¼ 0 is at the initial
position of the water table and zD ¼ �1:0 corresponds to
bottom boundary of the unconfined aquifer. The results
shown in Fig. 2 were computed at rD ¼ 0:5, whereas those
shown in Fig. 3 were computed at zD ¼ �0:9, near the base
of the unconfined aquifer. The dimensionless parameter val-
ues used in computing the results are aD;Y ¼ 2:4� 10�3,
að2ÞD;r ¼ að2ÞD;z ¼ 1:0� 10�3, að3ÞD;r ¼ að3ÞD;z ¼ 1:0, jz;2 ¼ 0:02 and
jz;3 ¼ 50. The results show that leakage can lead to signifi-
cant deviation of model predicted drawdown from that pre-
dicted by the solution in which leakage is not accounted for.
This deviation is seen at both early and late time in both
cases (partial and full penetration of pumping well).

In particular, results in Fig. 2 show that at early time, for
both partial and full penetration, the effect of leakage de-
creases with increasing vertical distance from the common
boundary between the unconfined aquifer and the aquitard.
In fact, for zD P �0:5, the early time response of the case
with leakage is virtually indistinguishable from that with
leakage, while at intermediate and late times, the effect
of leakage persists at all vertical distances from the uncon-
fined aquifer–aquitard boundary. Results in Fig. 3 indicate
that the effect of leakage on unconfined aquifer response
recorded by piezometers close to the unconfined aquifer–
aquitard boundary is significant at all radial distances from
the pumping well at all times.
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Figure 2 Log–log plot of unconfined aquifer dimensionless
drawdown, sD;1, against tD=r2D at rD ¼ 0:5 for different values of
zD. Results are for (a) a fully penetrating and (b) partially
penetrating pumping well.
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Figure 3 Log–log plot of unconfined aquifer dimensionless
drawdown, sD;1, against tD=r2D at zD ¼ �0:9 for different values
of rD. Results are for (a) a fully penetrating and (b) partially
penetrating pumping well.
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Fig. 4 shows the effect of the dimensionless vertical
hydraulic conductivity of the aquitard, jz;2, on drawdown
response in the unconfined aquifer with leakage for the case
of a partially penetrating pumping well. In Fig. 4 the radial
hydraulic of the aquitard was fixed at Kr;2 ¼ 6� 10�6 m=s,
the pumping well was screened over the interval
½�0:5;�1:0�, and jz;3 ¼ 50. The other dimensionless param-
eter values used in computing the results were
aD;Y ¼ 2:4� 10�3, að2ÞD;r ¼ 1:0� 10�3, að3ÞD;r ¼ að3ÞD;z ¼ 1:0. The re-
sults in the figure, computed at ðrD; zDÞ ¼ ð0:8;�0:9Þ, indi-
cate that the vertical hydraulic conductivity of the
aquitard has a strong effect on the response of the uncon-
fined aquifer at all times because vertical flow in the aqui-
tard is significant at all times; it is the primary direction of
water flow from the aquitard to the pumping well.

The effect of the radial conductivity of the aquitard, Kr;2,
on unconfined aquifer response to pumping from a partially
pumping well is shown in Fig. 5 for the case with
jz;2 ¼ 5� 10�2, bD;2 ¼ 1:5 and bD;3 ¼ 2:5. The results in the
figure, computed at ðrD; zDÞ ¼ ð0:5;�1:0Þ, show that the ef-
fect of changing Kr;2 is negligible at early time but can be
significant at late time, if Kr;2 is significantly greater than
Kz;2. This is due to the fact that, at early time water is with-
drawn from elastic storage close to the pumping well and is
predominantly vertical in the aquitard. At late time, water
is conveyed to the pumping well from further radial dis-
tances in the aquitard, hence the aquitard horizontal
hydraulic conductivity becomes important. Additionally, it
should be noted that for water-deposited sedimentary for-
mations, the horizontal hydraulic conductivity is typically
greater than the vertical. Hence, flow models that neglect
horizontal flow in the aquitard may lead to significant error
in predicted unconfined aquifer response to pumping.

Fig. 6 is a plot of the dimensionless aquitard drawdown,
sD;2, against tD for different radial distances from the pump-
ing well at (a) zD ¼ �1:05 and (b) zD ¼ �1:25. The following
dimensionless parameters were used in computing these re-
sults jz;2 ¼ 0:10, jz;3 ¼ 5:0, að2ÞD;r ¼ að2ÞD;z ¼ 5� 10�4 and
að3ÞD;r ¼ að3ÞD;z ¼ 2:5� 10�1. The thicknesses of layers i ¼ 1; 2; 3
were 20, 30 and 100 m, respectively. Hence, the results
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shown in Fig. 6a were computed in the aquitard at 1 m be-
low the unconfined aquifer and those in (b) at 5 m below the
unconfined aquifer. The results show that drawdown in
the aquitard is a strong function of the radial distance from
the pumping well even 5 m into the aquitard, which is
contrary to the assumptions of entirely vertical flow in the
aquitard adopted by Zlotnik and Zhan (2005). In fact, even
when the vertical and radial hydraulic conductivities of
the aquitard are reduced by an order of magnitude, such
that jz;2 ¼ 0:01 and jz;3 ¼ 50:0, the variation of sD;2 with rD
is still significant as indicated by the results plotted in Fig. 7.

Fig. 8 shows a log–log plot of dimensionless aquitard
drawdown, sD;2, against tD=r2D at rD ¼ 0:5, for different val-
ues of zD. The dimensionless parameters used to compute
the results are (a) jz;2 ¼ 0:10, jz;3 ¼ 5:0, að2ÞD;r ¼ að2ÞD;z ¼
5� 10�4 and að3ÞD;r ¼ að3ÞD;z ¼ 2:5� 10�1 and (b) jz;2 ¼ 0:01,
jz;3 ¼ 50:0, að2ÞD;r ¼ að2ÞD;z ¼ 5� 10�5 and að3ÞD;r ¼ að3ÞD;z ¼ 2:5�
10�1. As would be expected, drawdown in the aquitard de-
creases with increasing vertical distance from the uncon-
fined aquifer–aquitard boundary. The effect of the water
table also diminishes with increasing distance from this
boundary. The inflection attributable to water table decline
vanishes with increasing depth into the aquitard. It vanishes
more rapidly with depth for smaller values of jz;2, which
correspond to increasingly less conductive aquitards rela-
tive to the unconfined aquifer.

Using the parameter values jz;2 ¼ 0:1, jz;3 ¼ 5:0,
að2ÞD;r ¼ að2ÞD;z ¼ 5� 10�5 and að3ÞD;r ¼ að3ÞD;z ¼ 2:5� 10�1, we investi-
gated the effect of aquitard and confined aquifer thickness
on the unconfined aquifer response to pumping. The results
are shown in Fig. 9 at zD ¼ �1:0, where b�D;2 ¼ bD;2 � 1 and
b�D;3 ¼ bD;3 � bD;2 are the dimensionless thicknesses of the
aquitard and confined aquifer, respectively. In Fig. 9a, b�D;3
was fixed at 0.5 while b�D;2 was varied, where as in (b), we
set b�D;2 ¼ 0:5 and varied b�D;3. The results show that even
for a relatively thin aquitard (e.g. b�D;2 ¼ 0:1) drawdown in
the unconfined aquifer shows significant deviation from
the Neuman (1972) solution (no leakage). Increasing the
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sD;2, against tD=r2D, at rD ¼ 0:5 for different values of zD. Plot in
(a) is for jz;2 ¼ 0:1 and (b) is for jz;2 ¼ 0:01.
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Figure 9 Log–log plot of unconfined aquifer dimensionless
drawdown, sD;1, against tD=r2D at ðrD; zDÞ ¼ ð0:5;�1:0Þ for
different values of (a) b�D;2 ¼ bD;2 � 1:0, the dimensionless
aquitard thickness and (b) b�D;3 ¼ bD;3 � bD;2, the dimensionless
confined aquifer thickness.
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thickness of the aquitard affects only the late time draw-
down response of the unconfined aquifer. This is attributed
to the fact that at late time water has to be withdrawn from
a region of influence that is sensitive to aquitard thickness,
whereas at early time, water is primarily withdrawn from
elastic storage in the immediate vicinity of the pumping
well. Increasing the confined aquifer thickness has the same
effect. The major difference is that there is greater sensitiv-
ity of the late time unconfined aquifer response to changing
confined aquifer thickness than to changing aquitard thick-
ness. In both case, in the limit as b�D;2 !1 or b�D;3 !1, pre-
dicted unconfined aquifer response approaches a steady-
state as the lower layers become infinite sources of water.

Summary

The solution presented here incorporates the effects of
leakage into the solution for flow in unconfined aquifer to-
ward a partially penetrating pumping well. In this solution
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horizontal flow in the aquitard and vertical flow in the con-
fined aquifer were not neglected and unconfined aquifer
flow was treated in the manner of Neuman (1972). We used
drawdown and flux continuity conditions at the two contacts
between the three layers, removing the need to make the
assumptions adopted in the classical and modified leakage
theories of Hantush and Jacob (1955) and Hantush (1960).

The solution presented here is more general than similar
solutions obtained for the problem of leakage in confined
systems, as it is not restricted to cases of strictly horizontal
flow in the confined aquifer and strictly vertical flow in the
aquitard. The behavior of the system predicted by this solu-
tion shows significant departure from the solution of Neu-
man (1974), which does not account for leakage at the
base of the unconfined aquifer. Such deviation is seen at
both early and late times, which is at variance with the re-
sults of Ehlig and Halepaska (1976) that showed departure
only at late time. Our solution is more general than that
developed by Zlotnik and Zhan (2005) as it allows for hori-
zontal flow in the aquitard and, and includes a confined
aquifer below the aquitard. Zlotnik and Zhan (2005) con-
cluded that leakage of water from the aquitard to the
unconfined aquifer plays a minor role often at short and
intermediate times. At large times, the role of the leakage
was deemed negligible. The results from the present work
are at variance with these conclusions. Our solution predicts
significant departure from the case with no leakage at both
early-intermediate time and at late time. Depending on
parameter choices, predicted unconfined aquifer response
may even approach a steady-state at late time.

The results presented here also indicate that sensitivity
to the radial hydraulic conductivity of the aquitard is low
if aquitard conductivities are two or more orders of magni-
tude smaller than those of the aquifers. This conforms to
finding of Neuman and Witherspoon (1969a) who stated that
‘‘when the permeabilities of the aquifers are two or more
orders of magnitude greater than that of the aquitard, er-
rors introduced by this assumption are usually less than
5%’’. However, our solution predicts that one may obtain
measurable differences in aquitard drawdown at different
radial distances from the pumping well, producing large ra-
dial hydraulic gradients in the aquitard.

It is typically the case that the inverse Laplace transform
is obtained analytically whereas the inverse Hankel trans-
form is obtained numerically (Neuman, 1972; Neuman,
1974). In this work, both inverse transforms are obtained
numerically. Given the widespread availability of efficient
parameter estimation codes, the solution developed here
can be useful for estimating unconfined aquifer, aquitard
and confined aquifer hydraulic parameters. This can be
accomplished through solution of an inverse problem using
parameter estimation codes, such as PEST (Doherty,
2002).
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Appendix A

Drawdown, sD;1, in the unconfined aquifer can be decom-
posed as sD;1 ¼ uD þ vD, where uD solves

ouD

otD
¼ 1

rD

o

orD
rD

ouD

orD

� �
þ að1ÞD;z

o2uD

oz2D
; ðA:1Þ

uDðrD; zD; 0Þ ¼ lim
rD!1

uDðrD; zD; tDÞ ¼ 0; ðA:2Þ

lim
rD!0

rD
ouD

orD
¼

0 8zD 2 ð�dD; 0�;

�2=ðlD � dDÞ 8zD 2 ½�lD;�dD�;

0 8zD 2 ½�1;�lDÞ;

8>><
>>: ðA:3Þ

ouD

ozD

����
zD¼0
¼ ouD

ozD

����
zD¼�1

¼ 0 ðA:4Þ

and vD solves

ovD

otD
¼ 1

rD

o

orD
rD

ovD

orD

� �
þ að1ÞD;z

o2vD

oz2D
; ðA:5Þ

vDðrD; zD; 0Þ ¼ lim
rD!1

vDðrD; zD; tDÞ ¼ 0; ðA:6Þ

lim
rD!0

rD
ovD

orD
¼ 0; ðA:7Þ

� ovD

ozD

����
zD¼0
¼ 1

aD;Y

ouD

otD

����
zD¼0
þ ovD

otD

����
zD¼0

 !
: ðA:8Þ

Applying the double Laplace–Hankel transform to Eq. (A.1)
and simplifying subject to the initial condition leads to

d2�u�D
dz2D
� g2

1
�u�D ¼

1

að1ÞD;z

lim
rD!0

rD
o�uD

orD
; ðA:9Þ

which is solved subject to

lim
rD!0

rD
o�uD

orD
¼

0 8zD 2 ð�dD; 0�;
�2=½pðlD � dDÞ� 8zD 2 ½�lD;�dD�;
0 8zD 2 ½�1;�lDÞ;

8><
>: ðA:10Þ

d�u�D
dzD

����
zD¼0
¼ d�u�D

dzD

����
zD¼�1

¼ 0: ðA:11Þ

The general solutions to Eq. (A.9) are

�u�D ¼ A1e
g1zD þ B1e

�g1zD ; z 2 ð�dD; 0�; ðA:12Þ
�u�D ¼ A2e

g1zD þ B2e
�g1zD ; z 2 ½�1;�lDÞ ðA:13Þ

and

�u�D ¼ A3e
g1zD þ B3e

�g1zD þ 2

pg2
1a
ð1Þ
D;zðlD � dDÞ

z 2 ½�lD;�dD�:

ðA:14Þ

Applying the boundary condition at zD ¼ 0 to Eq. (A.12)
yields

A1 ¼ B1: ðA:15Þ
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Applying the boundary condition at zD ¼ �1 to Eq. (A.13)
yields

A2e
�g1 � B2e

g1 ¼ 0: ðA:16Þ

Enforcing continuity of �u�D and its first derivative at
zD ¼ �dD and zD ¼ �lD leads to

ðA1 � A3Þe�g1dD þ ðB1 � B3Þeg1dD ¼ 2=½pg2
1a
ð1Þ
D;zðlD � dDÞ�; ðA:17Þ

ðA1 � A3Þe�g1dD � ðB1 � B3Þeg1dD ¼ 0; ðA:18Þ
ðA2 � A3Þe�g1lD þ ðB2 � B3Þeg1lD ¼ 2=½pg2

1a
ð1Þ
D;zðlD � dDÞ�; ðA:19Þ

ðA2 � A3Þe�g1lD � ðB2 � B3Þeg1lD ¼ 0: ðA:20Þ

Solving Eqs. (A.15)–(A.20) for the constants (in zD) leads to

A1 ¼ B1 ¼
eg1dD � �w�D;1ðg1Þ
pg2

1a
ð1Þ
D;zðlD � dDÞ

¼
e�g1dD � �w�D;2ðg1Þ
pg2

1a
ð1Þ
D;zðlD � dDÞ

; ðA:21Þ

A2 ¼
eg1lD � �w�D;1ðg1Þ
pg2

1a
ð1Þ
D;zðlD � dDÞ

; ðA:22Þ

B2 ¼
e�g1lD � �w�D;2ðg1Þ
pg2

1a
ð1Þ
D;zðlD � dDÞ

; ðA:23Þ

A3 ¼ �
�w�D;1ðg1Þ

pg2
1a
ð1Þ
D;zðlD � dDÞ

; ðA:24Þ

B3 ¼ �
�w�D;2ðg1Þ

pg2
1a
ð1Þ
D;zðlD � dDÞ

; ðA:25Þ

where

�w�D;1ðg1Þ ¼
eg1 sinhðg1dDÞ þ sinh½g1ð1� lDÞ�

sinhðg1Þ
ðA:26Þ

and

�w�D;2ðg1Þ ¼
e�g1 sinhðg1dDÞ þ sinh½g1ð1� lDÞ�

sinhðg1Þ
: ðA:27Þ

Substituting these expressions for the constants into Eqs.
(A.12)–(A.14) and simplifying leads to Eq. (22).

Appendix B

Applying the double Laplace–Hankel transform to Eq. (A.5)
and simplifying subject to the initial and boundary condi-
tions given in Eqs. (A.6) and (A.7) leads to

d2�v�D
dz2D
� g2

1
�v�D ¼ 0: ðB:1Þ

The general solution to Eq. (B.1) is

�v�Dðg1; zDÞ ¼ c1e
g1zD þ c2e

�g1zD : ðB:2Þ

Applying the boundary condition at the water table given by
Eqs. (A.8)–(A.27), (B.1), (B.2) leads to

�ðnþ 1Þc1 þ ðn� 1Þc2 ¼ �u�Dðg1; zD ¼ 0Þ: ðB:3Þ

Applying the double Laplace–Hankel transform to Eq. (11)
and simplifying subject to the initial and boundary condi-
tions given in Eqs. (12) and (15) leads to

d2�s�D;2
dz2D

� g2
2
�s�D;2 ¼ 0; ðB:4Þ
which has the following general solution:

�s�D;2ðg2; zDÞ ¼ c3e
g2zD þ c4e

�g2zD : ðB:5Þ

Applying the continuity conditions at zD ¼ �1 leads to

�c1e�g1 � c2e
g1 þ c3e

�g2 þ c4e
g2 ¼ �u�D ðg1; zD ¼ �1Þ ðB:6Þ

and

c1e
�g1 � c2e

g1 � c3c1e
�g2 þ c4c1e

g2 ¼ 0: ðB:7Þ

Similarly, the general solution for the double Laplace–Han-
kel transform of confined aquifer drawdown, �s�D;3 is

�s�D;3ðg3; zDÞ ¼ c5e
g3zD þ c6e

�g3zD : ðB:8Þ

Applying the no-flow boundary condition at zD ¼ �bD;3 leads
to

c5e
�g3bD;3 � c6e

g3bD;3 ¼ 0; ðB:9Þ

whereas applying continuity conditions at zD ¼ �bD;2 leads
to

c3e
�g2bD;2 þ c4e

g2bD;2 � c5e
�g3bD;2 � c6e

g3bD;2 ¼ 0 ðB:10Þ

and

c3e
�g2bD;2 � c4e

g2bD;2 � c5c2e
�g3bD;2 þ c6c2e

g3bD;2 ¼ 0: ðB:11Þ

Eqs. (B.3), (B.6), (B.7), (B.9)–(B.11) constitute a linear sys-
tem of equations in six unknowns. Solving this system for
c1–c6 yields

c3 ¼ �
eg2bD;2fðg1Þg2ðg2; g3Þ

D
ðB:12Þ

and

c4 ¼ �
e�g2bD;2fðg1Þg1ðg2; g3Þ

D
ðB:13Þ

with c1; c2; c5 and c6 expressed in terms of c3 and c4 as

c1 ¼ �
1

2
eg1 ½�u�D;�1 � c3ð1þ c1Þe�g2 � c4ð1� c1Þeg2 �; ðB:14Þ

c2 ¼ �
1

2
e�g1 ½�u�D;�1 � c3ð1� c1Þe�g2 � c4ð1þ c1Þeg2 �; ðB:15Þ

c5 ¼
1

2
eg3bD;2 ½c3ð1þ 1=c2Þe�g2bD;2 þ c4ð1� 1=c2Þeg2bD;2 �; ðB:16Þ

c6 ¼
1

2
e�g3bD;2 ½c3ð1� 1=c2Þe�g2bD;2 þ c4ð1þ 1=c2Þeg2bD;2 �; ðB:17Þ

where

fðg1Þ¼ �u�D;0��u�D;�1½nsinhðg1Þþcoshðg1Þ�; ðB:18Þ
g1ðg2;g3Þ¼cosh½g3ðbD;3�bD;2Þ��c2 sinh½g3ðbD;3�bD;2Þ�;

ðB:19Þ
g2ðg2;g3Þ¼cosh½g3ðbD;3�bD;2Þ�þc2 sinh½g3ðbD;3�bD;2Þ�;

ðB:20Þ

D¼ð1þc1Þð1þc2Þ
2

½nsinhðg1þh1Þþcoshðg1þh1Þ�

þð1�c1Þð1þc2Þ
2

½nsinhðg1�h1Þþcoshðg1�h1Þ�

þð1�c1Þð1�c2Þ
2

½nsinhðg1þh2Þþcoshðg1þh2Þ�

þð1þc1Þð1�c2Þ
2

½nsinhðg1�h2Þþcoshðg1�h2Þ� ðB:21Þ
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with �u�D;0 ¼ �u�Dða; zD ¼ 0; pÞ and �u�D;1 ¼ �u�Dða; zD ¼ �1; pÞ.
Substituting the above expressions for c1 and c2 into Eq.
(B.2) and simplifying leads to Eq. (25).
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